We construct the supersymmetric completion of the mixed gauge-gravitational Chern-Simons term, W ∧ tr R ∧ R, in five-dimensional ungauged and gauged supergravity with eight supercharges, using the superconformal formalism. We determine the condition for the supersymmetric Anti-de Sitter vacuum in its presence. We check that it gives precisely the same condition as the a-maximization in four-dimensional superconformal field theory on the boundary, as predicted by the AdS/CFT correspondence.
§1. Introduction
Five-dimensional (5d) supergravity with minimal number * ) of supersymmetry, which was first presented in the papers 1), 2) , has many uses in understanding the fundamental property of nature. The theory itself and the theory coupled to a four-dimensional brane are natural starting points of study if one wants to consider a supersymmetric model with one large extra-dimension. It can also be used for studying the superconformal field theory in four dimensions, via the celebrated Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence. We also saw recently the discovery of rich exact solutions of the theory, including the black rings. Thus it can be used as a testbed for the dynamical study of gravity.
The Lagrangian of the 5d supergravity, however, cannot be thought of as giving the ultraviolet-complete definition of the theory, since it is not renormalizable. Thus it must be embedded in a consistent theory of quantum gravity, say a suitable compactification of the string theory, and the supergravity Lagrangian should be regarded as the effective description of low energy limit of such theories. Therefore, the Lagrangian should contain various higher derivative terms such as the curvature-squared term R 2 with a small coefficient in front of it. Thus, it is of utmost importance to determine how local supersymmetry governs the higher derivative terms.
Similar problems were tackled before in the six-dimensional 3) and in the four-dimensional setup (see the excellent review 4) and references therein). They used the superconformal formalism for the supergravity to facilitate the analysis. It was useful because the formalism is fully off-shell, and thus the analysis of the higher derivative terms can be done without modifying the supersymmetry transformation laws.
The first objective of this paper is the construction of a supersymmetric R 2 term in 5d N = 2 supergravity using the superconformal formalism, which was developed in papers 5)-8) .
More specifically, we determine the supersymmetric completion of a distinctive class of higher derivative terms in five dimensions, which is the mixed gravitational Chern-Simons term
where W is a U(1) gauge field and R is the curvature two-form constructed from the metric. Although we have not been able to prove that it is the only possible form of the fourderivative correction, we believe the uniqueness of the result, judging from the structure * ) Minimal supersymmetry in five dimensions has eight supercharges, which is usually called N = 2 in supergravity literature and N = 1 in field theory community. We call it N = 2 following the supergravity convention.
of the formalism. Some of the bosonic terms in the completion was known before using the compactification of the R 4 term in M-theory down to five dimensions. 9), 10) Our result matches with their calculation.
As an application, we study how the condition for the maximally supersymmetric AdS solution is modified by the completed R 2 term. We will see that it can be mapped to the a-maximization of the conformal field theory on the boundary.
The paper is structured as follows: in sec. 2, we give a lightning introduction to the superconformal formalism in five dimensions. In sec. 3, we construct the supersymmetric completion of W ∧ tr R ∧ R term using the material reviewed in section 2. Then, the analysis of the AdS solution in the presence of the R 2 term is presented in sec. 4. Finally we compare the result to the a-maximization of the boundary theory in sec. 5. Sec. 6 is the summary and the discussion. Appendix A contains our conventions, Appendix B collects useful formulae regarding the Weyl multiplet, and Appendix. C compares various conventions for vector multiplets in the literature. §2. Brief review of the superconformal formalism Ordinary supergravity theories are invariant under general coordinate transformation, local Lorentz transformation and local supertranslation. Thus, they are in a sense the gauge theory of super Poincaré group. As such, they are called Poincaré supergravities. The construction of such theories was originally done by following the Noether procedure, which yielded on-shell actions.
The superconformal approach to the Poincaré supergravity starts by constructing theories which are gauge invariant under a much larger group, the superconformal group in respective dimensions. Then, by imposing constraints, the theories are identified as gravitational theories, so called conformal supergravities. Enlargement of the local symmetry greatly facilitates the determination of the multiplet structure and the construction of the invariant action. As we are not interested in conformal supergravities per se, we arrange one of the scalar fields to take a non-zero vev, spontaneously breaking the conformal supergravity down to the Poincaré supergravity.
This off-shell approach is particularly suited to the construction of the higher derivative terms in the supergravity theories. It is because the superconformal multiplet contains the auxiliary fields so that the supersymmetry transformation law is independent of the action.
To find a higher derivative term in the on-shell approach, one needs to consider the modification of the action and of the supersymmetry transformation simultaneously, which makes it too hard to accomplish. We will also see later that having a local superconformal invariance makes the analysis of the symmetry of the AdS background surprisingly transparent.
Four main ingredients required in writing down the action are 1. the structures of various superconformal multiplets, 2. the "embedding formulae" which create new multiplets out of another, 3. the "invariant action formulae" to form the Lagrangian density, 4. and the gauge fixing down to the Poincaré supergravity.
We will review each of them in turn. In this paper, we follow the convention of the reference 6) .
Superconformal multiplets
The superconformal algebra relevant for 5d N = 2 supergravity is the supergroup F (4), with generators
where a, b, . . . are Lorentz indices, i, j, . . . (= 1, 2) are for SU(2) doublets. We suppressed the spinor indices. P a and M ab are the usual Poincaré generators, D is the dilatation, U ij is the SU(2) generator, K a represents the special conformal boosts, Q i the N = 2 supersymmetry, and S i the conformal supersymmetry. The charge of the field with respect to the dilatation D is called its Weyl weight. We introduce gauge fields
corresponding to the generators above, respectively, where µ, ν, . . . are the world vector indices and ψ i µ , φ i µ are SU(2)-Majorana spinors. We first write down Yang-Mills theory for this gauge group F (4). Up to this point, the generators P a and M ab have not yet been related to the diffeomorphism, and the transformation law for various gauge fields follows from the structure constants of F (4).
Next, we impose the so-called conventional constraints to identify the generators P a and M ab as those of the general coordinate transformation and the local Lorentz transformation:
where the hat denotes the supercovariantization. It allows us to express the M , S and K gauge fields ω µ ab , φ i µ and f µ a in terms of composites of other gauge fields. The local P , Q transformation law needs to be modified to preserve the constraints (2 . 3), after which e µ a and ω µ ab can be identified with the usual fünfbein and the spin connection, respectively. As argued above, the P transformation becomes essentially the general coordinate transformation δ GC (ξ λ ):
On a covariant quantity Φ with only flat indices, δ P (ξ a ) acts as the full covariant derivative:
It is sometimes called the covariant general coordinate transformation. The {Q, Q} commutator is also modified from that of F (4), and is presented below in (2 . 9).
Another point is that the third constraint in (2 . 3) makes the supercovariant curvature traceless. Thus, for a background where nontrivial component of the Weyl multiplet is only the fünfbein,R ab µν (M) is the Weyl tensor of the metric, i.e.
where R abcd is the ordinary curvature tensor constructed from the metric. Now we are going to summarize the structure of the multiplets we use. Their property is listed in the table I in Appendix A.
the Weyl multiplet
One adds auxiliary fields v ab , χ i and D to the set of gauge fields above to obtain an irreducible Weyl multiplet which consists of 32 bosonic plus 32 fermionic component fields,
where v ab is antisymmetric in a and b, χ i an SU(2)-Majorana spinor and D is a scalar. The Q, S and K transformation laws for the gravitino is given as follows. With
where the derivative D µ is covariant only with respect to the homogeneous transformations M ab , D and U ij . We also need the variation of χ i and v ab in our computations, and they are given in Appendix B. The algebra of the Q and S transformations takes the form
where the translation δ P (ξ a ) is defined in (2 . 4) . We summarize the useful formulae for the supercovariant derivatives and curvatures in Appendix B.
Vector multiplet
The vector multiplet consists of
where the index I labels generators T I of the gauge group G. W I µ are the gauge fields, M I scalar fields in the vector multiplet, Ω I are SU(2)-Majorana gaugini and Y I ij are SU(2)triplet auxiliary fields. We set W µ ≡ W I µ T I , and similarly for other components. The Q and S transformation laws of the vector multiplet are then given by
(2 . 12)
The transformation law of the gauge field W µ above shows that the superconformal group and the gauge group G is not separate but has non-zero structure functions, f P Q G and f QQ G between them. For consistency, it requires the commutator of two Q transformations to be modified to [δ Q (ε 1 ), δ Q (ε 2 )] = (R.H.S. of (2 . 9)) + δ G (−2iε 1 ε 2 M). 
where/ D and M * includes the 'central charge' gauge transformation Z. g is the coupling constant, and the notation X * Y abbreviates generator of the gauge transformation
where X takes values in a Lie algebra, Y in its representation, and t I α β is the representation matrix. The closure of the algebra then determines the 'central charge' gauge transformation of A i α via F i α . though we set Z = 0, (F i α = 0) in this paper. Interested readers are referred to the paper 5), 6) for details.
Linear Multiplet
A linear multiplet consists of
where L ij is symmetric in i and j and is real, ϕ i is SU(2)-Majorana, E a is a vector and N is a scalar.
The Q and S transformation laws of the linear multiplet are given by
The algebra closes if E a satisfies the following Q and S invariant constraint:
An important property concerning the linear multiplet is that any symmetric, real composite bosonic field L ij , which is invariant under S transformation, automatically leads to the above transformation law with suitable choices of ϕ i , E a and N. Thus, the construction of a linear multiplet can be done by repeated supersymmetric transformation starting from the lowest component L ij .
Embedding formulae
Vector multiplets can be embedded into a linear multiplet given an arbitrary quadratic homogeneous polynomial f (M) of the first components M I of the vector multiplets. It is given by
where a scalar function with subscripts I, J, . . . stands for its repeated derivative by M I,J,... .
For example, f IJ ≡ ∂ I ∂ J f . One can also make a linear multiplet from two hypermultiplets.
Invariant action formulae
We can construct an invariant action from a pair of vector and linear multiplet:
where we restricted to the case L ij is neutral to reduce the clutter.
As we saw, one can form a linear multiplet from two vector multiplets V I , V J using the embedding formula. Then the invariant action formula above can combine it with another vector multiplet V K to form an action. The resulting action turns out to be completely symmetric in I, J and K. Thus we obtain an invariant action L V given a gauge-invariant cubic function N = c IJK M I M J M K . For brevity, we consider the case G = U(1) nv +1 . Then the bosonic term is
Note the existence of the gauge Chern-Simons interaction W ∧ F ∧ F , which came from W a · E a term in the invariant action formula. The strength of the Chern-Simons interaction directly gives the function N . Thus it governs the whole vector-multiplet Lagrangian. For the hypermultiplets, the combination of the embedding into the linear multiplet and the V · L action formula gives the action with the following bosonic terms:
arranged to be δ β α for a compensator. We have already eliminated the auxiliary fields F iα using their equations of motion.
Gauged supergravity
Let us consider a system coupled to n V + 1 conformal vector multiplets I = 0, . . . , n V and one conformal hypermultiplet A i α , (i, α = 1, 2) as a compensator. We let its action be
The equation of motion for D gives A 2 +2N = 0, while the scalar curvature appears in the Lagrangian in the combination
Thus, we can make the Einstein-Hilbert term canonical by fixing the dilatational gauge transformation D via the condition A 2 = −2. It also fixes N = c IJK M I M J M K = 1 via the equation of motion for D. Thus, the scalars parametrize the 'very special' manifold 11) .
It is known that the AdS background requires gauged supergravity, which is obtained by introducing a charged compensator. Let us consider, therefore, a model with charges
Under this fixing, only the following combination of U(1) gauge and U transformations
(2 . 24)
survives. In this model, the vectors W I µ are coupled to the hypermultiplet via * )
where V ij µ is the gauge field for U transformation. The equation of motion for V ij µ and the condition 
where (N −1 ) IJ is the inverse matrix of N IJ . Then, the scalar potential V is given by
(2 . 28) * ) We usually take the D gauge field b µ to be zero by K gauge fixing.
By changing the convention to that in Günaydin, Sierra and Townsend 1), 2) via the dictionary in the appendix C, and using the various identities of the very special geometry, it can be shown to be equal to
which is the usual form presented in supergravity Lagrangian in the on-shell formalism.
The procedure above reproduces the structure of 5d N = 2 gauged supergravity in the on-shell formalism, as it should be. We use the action L H − 1 2 L V as the zeroth order term where we add the R 2 term to be constructed below. §3. Construction of a supersymmetric R 2 term
Strategy
Before moving on, we need to make a few comments on the physical interpretation of the higher derivative terms, in particular in the off-shell formalism. Firstly, if we naively apply the variational method to obtain the equation of motion from a higher derivative theory, it results in a differential equation which is higher than second order. It means that giving the value and the first derivative of a field does not suffice as initial values. In other words, there are 'extra modes' in addition to the modes of the lowest-derivative Lagrangian. It is inevitable if we take the Lagrangian as giving a ultra-violet definition.
We regard, however, our Lagrangian to be the effective low-energy description in a derivative expansion with small expansion parameter α ′ . Thus, the solution to the equation of motion should have a perturbative expansion in α ′ , and in particular should have a limit when we take α ′ → 0. Such solutions are known to be determined by giving the value and the first derivative of a field at t = 0, just as in the case with lowest-derivative Lagrangian, making the 'extra modes' above unphysical. The details can be found, for example, in papers 12), 13) .
Secondly, it is readily checked that the auxiliary fields would appear with physical kinetic terms and begin to propagate when one constructs higher-derivative terms in off-shell formalism. It is known, however, that the auxiliary fields can be eliminated perturbatively in α ′ (see e.g. the introduction of the paper 14) ) to produce many higher-derivative terms in the physical fields. The resulting Lagrangian is to be understood as explained in the previous paragraph. Thus the would-be propagating auxiliary fields are just the 'extra modes' associated to the higher-derivative terms, and are not to be regarded as physical fields.
The third comment is of a slightly different nature. In higher derivative theory of gravity, one can redefine the metric as
with a and b small parameters. It leaves the leading Einstein-Hilbert term intact, while changing the form of the higher derivative terms. For example, it can be used to shift arbitrarily the coefficients of R µν R µν and R 2 , while that of R µνρσ R µνρσ cannot be shifted. It should also change the supersymmetry transformation law. The physics described by the Lagrangian, of course, remains the same under the redefinition. We will need to use redefinition in comparing our results to the ones in literature.
We are going to construct a very specific higher-derivative term, whose form is not preserved by (3 . 1) . It is because we use a very specific form of the supersymmetry transformation dictated by the superconformal formalism. Change in the conventional constraints (2 . 3) also induces field redefinition among the fields in the Weyl multiplets without altering physical contents of the theory. Our choice of the constraintR a µ = 0 is a convenient one because it greatly reduces the number of higher derivative terms to consider by forbidding the appearance of the terms likeR abR ab orR 2 .
With these preliminary remarks, we are going to construct a supersymmetric curvaturesquared term in 5d N = 2 supergravity. Namely, we will find the supersymmetric completion of the mixed gauge-gravitational Chern-Simons term,
Let us recall that the gauge Chern-Simons term in (2 . 21) arose from the W a · E a term in the V · L invariant action formula. Judging from the similar role played by the gauge curvature F I ab and the metric curvature R ab cd , a natural guess would be to first embed the Weyl multiplet to a vector multiplet V cd [W ] with extra antisymmetric Lorentz indices c d, and then to construct a linear multiplet from the L(V I , V J ) embedding formula. What we found out was that the method just suggested is not significantly better than the direct construction of the linear multiplet. Therefore, our strategy is 1. to embed the Weyl multiplet to the linear multiplet, 2. to use L(V · L) invariant action formula, 3. and to gauge-fix down to the Poincaré supergravity.
We believe that the combination we determine is the most general form of supersymmetric coupling between the Weyl multiplet and vector multiplets, although we do not have a The strong restriction in five dimensions has, of course, been seen already in the lowest derivative Lagrangian. Indeed, the structure of the four-dimensional N = 2 vector multiplet is determined by a holomorphic function F (X I ), but in five dimensions the corresponding object N needs to be a purely cubic function. The restriction came from the gauge invariance of gauge Chern-Simons terms, just as before.
Embedding and an invariant action
The linear multiplet should have E a ∋ ǫ abcde R bc f g (M)R def g (M) to be used in the invariant action formula to get the gravitational Chern-Simons term (3 . 2). The supertransformation law (B . 4) forR(Q) tells us that we need the following structure schematically:
Thus, L ij is of Weyl-weight 3 and an SU(2) R triplet, solely constructed from the Weyl multiplet. Hence L ij should be given by
for suitable coefficients A 1,2 . This quantity must be invariant under S transformation to be the lowest component of a linear multiplet. The transformation
fixes A 2 = −4/3, A 1 = 1/12. Then, the embedding formula is determined by a straightforward, but tedious and lengthy repeated application of the supersymmetry transformation:
Here, we omitted the terms trilinear in fermions in the expression of ϕ i and the terms including fermions in those of E a and N. The first non-trivial check comes from the constraint 2 . 18, indicating the divergence of E a vanishes. This can be satisfied because the divergence of the first line in E a vanishes from the Bianchi identity, while the second and third term vanish if we use the identityD aDb A ab = 0 for a K-invariant, SU(2)-singlet, antisymmetric tensor A ab . Another non-trivial check is the K-invariance of E a and N, and we can see E a and N are invariant under K transformation.
We form an invariant action for off-shell conformal supergravity from the linear multiplet just constructed above, using the V · L formula. Namely, the bosonic term is
for constants c I . Note that the term containing the second order derivative of v depends on the Ricci tensor through the K-gauge field
On-shell Poincaré supergravity
We consider c I to be a small perturbation and add the resulting formula L 1 ≡ L(V · L[W 2 ]), (3 . 7) , to the zeroth order terms L 0 = L H − 1 2 L V , fix the gauge A α i = δ α i and eliminate auxiliary fields. For components in the Weyl multiplet, the equations of motion including fermionic fields can be obtained as follows. From the analysis of the Weyl-weight, we can see that the omitted terms in (3 . 6) are independent of the auxiliary field D. Thus, the full equation of motion for D can be computed and given by The first order correction to the Lagrangian is given by substituting the zeroth order solution for the auxiliary fields (2 . 26),(2 . 27) to (3 . 7) . Note that the appearance of the D 2 term in (3 . 7) changes the role of D as can be seen from (3 . 9) . That is, it is no longer a Lagrange multiplier enforcing the constraint N = 1, but it gives a steep potential (N − 1) 2 /(c I M I ) minimized at N = 1. Another important point is that, from (2 . 26), the gauge field V ij µ for the generator U is identified with a suitable combination of the gauge fields W I µ for the gauged supergravity.
Thus, the supersymmetric completion L 1 of W ∧ tr R ∧ R term in the on-shell Poincaré supergravity becomes where we only kept terms necessary for our later analysis. Note that we used (2 . 6) to express the supercovariant curvatureR abcd (M) by the metric curvature R abcd . For ungauged supergravity (P I = 0), our result agrees with the ones obtained by the dimensional reduction from M-theory. 9), 10) The important point is that the supersymmetric completion of the W ∧ tr R ∧ R term in gauged supergravity not only introduces MR 2 term in the action but also modifies the gauge kinetic and gauge Chern-Simons terms. §4. Condition for the supersymmetric AdS solution
As an application of the R 2 term constructed in the previous section, let us study how it modifies the condition for the supersymmetric AdS solution. One merit of the superconformal formalism we presented is that it allows us to study the supersymmetry condition, largely independent of the action itself.
Let the metric of the AdS space be
where α, β = 0, 1, 2, 3, η = diag(+, −, −, −), u = x 4 and L is the curvature radius. We further suppose any field with non-zero spin is zero. We start with the fact that in such a background the equation
has eight linearly-independent solutions. Here D µ denotes the derivative covariant with respect to local Lorentz transformation and ε is a spinor without the SU(2)-Majorana condition. If i = 1 component of an SU(2)-Majorana spinor ε i satisfies (4 . 2), then i = 2 component instead satisfies
Thus, to express it covariantly under SU(2) R , one needs to introduce a unit three-vector q
The supersymmetry transformation of the gravitino (2 . 8) can then be made zero by choosing
The supersymmetric transformation which remains after the gauge fixing is
The vanishing of δ Q χ i enforces D = 0. Next, the vanishing of the gaugino transformation (2 . 12) demands
for all I. It is satisfied for the maximal number of ε i if and only if
We can set i q · σ = iσ 3 without losing generality. The vanishing of the transformation of the hyperino δζ α = 0 under the gauge fixing A α i ∝ δ α i , determines the curvature radius as
Another interesting condition comes from the [δ ′ Q , δ ′ Q ] commutator. From (2 . 9), (2 . 10) and (2 . 13), it is
where δ ′ G is the surviving gauge transformation under the condition A α i ∝ δ α i defined in (2 . 24). It means δ ′ G (M I ) should leave the scalar vevs invariant if we consider additional charged matters.
The reader can check that the analysis up to this point does not use any specific property of the action. Thus it is applicable to any d = 5 N = 2 supergravity Lagrangian with arbitrarily complex higher derivative terms. Now let us write down the condition (4 . 8) for our Lagrangian L 0 + L 1 . Y I ij up to the first order in c I is given by the same expression as in (2 . 27),
Substituting it in (4 . 8), one obtains
This is the attractor equation in 5d gauged supergravity, first found in the paper 15) . By multiplying M I to this equation we find the condition N = c IJK M I M J M K = 1 again.
One can check that it solves the modified equations of motion which follows from L 0 + L 1 . The correction to the potential (N − 1) 2 does not shift the vevs of the scalars, since the solution before considering higher derivative corrections satisfies N = 1, minimizing the added potential. Note that higher order terms with respect to the hatted curvatureR abcd (M) never disturb the AdS solution since the AdS background givesR abcd (M) = 0. §5. Comparison to the a-maximization
Brief review of a-maximization
The a-maximization is a powerful technique to uncover the dynamics of N = 1 superconformal field theories (SCFT) in four dimensions. 16) It determines the R-symmetry R SC entering in the four-dimensional superconformal group as a linear combination r I G I of the U(1) symmetries G I of the theory. The AdS dual of the a-maximization was studied before, 17), 18) and it was found that the dual is precisely the supersymmetry condition for the AdS solution. The discussion in the papers 17), 18) was restricted to vanishing U(1)-gravitygravity anomaly, corresponding to the vanishing of the W ∧ tr R ∧ R contribution. It was because its supersymmetric completion was not known at that time. The aim of this section is to extend the analysis in the paper 17), 18) to the case with non-zero W ∧ tr R ∧ R.
Let us denote by G I , (I = 0, 1, . . . , n V ) the conserved U(1) charges of the theory. G I also acts on the supercharges. We denote them by P I , i.e.
The anomaly among global U(1) symmetries can described through the descent construction through the Chern-Simons term in five dimensions
where W I is the gauge field for G I , F I = F I µν dx µ ∧ dx ν /2 the curvature two-form. The constantsĉ IJK are given byĉ
where the trace is over the labels of the Weyl fermions of the theory. It is known that under the AdS/CFT correspondence, the Chern-Simons interaction (5 . 2) is present in the Lagrangian in five dimensions. Similarly, for U(1)-gravity-gravity anomaly characterized bŷ
shows its presence as the mixed gauge-gravitational Chern-Simons term
where R is the curvature two-form constructed from metric * ) . The anticommutator of the supertranslation Q α and the special superconformal transformation * * ) S α contains a particular combination of global symmetries :
We normalize r I so that the charge of the supercharge under r I G I be one, that is, r IP I = 1. We denote the superconformal R-symmetry by R SC = r I G I .
R SC can be used to study various physical properties of the theory considered. The relation we need is with the central charges of the theory. In four dimensions, there are two of them, a and c, which are expressible in terms of the superconformal R-symmetry as follows:
The basic problem is the identification of the superconformal R-symmetry R SC = r I G I , which can be done with the a-maximization 16) . Let Q F = t I G I be a global symmetry which * ) The coefficients in (5 . 2) and (5 . 5) are dictated by the index theorem, and can be found in any textbook on anomalies, see e.g. the reference. 19) * * ) Do not confuse Q and S-supersymmetry here with Q and S-supersymmetry in the superconformal tensor formalism in five-dimensions. Here Q and S are those of four-dimensional superconformal group. In effect the combination of Q and S in five dimensions preserved in the AdS background corresponds to both Q and S in four dimensions. commutes with supercharges, i.e. t IP I = 0. The triangle diagram with one Q F and two R SC insertions can be mapped, by using the superconformal transformation, to the triangle diagram with Q F and two energy-momentum tensor insertions. The precise coefficient was calculated to give the relation 9 tr Q F R SC R SC = tr Q F . where we usedP I s I = 1.
Analysis in the AdS space
Let us suppose the dual theory in the AdS has the Lagrangian L 0 + L 1 . We will re-derive a-maximization using the AdS/CFT prescription and the supergravity analysis presented in sec. 4.
First, (2 . 26) tells us that the gravitino has charge ±P I with respect to the gauge fields W I µ . It translates under the AdS/CFT duality that [G I , Q α ] = P I Q α , which allows us to identify P I andP I , which was defined in (5 . 1).
Next, by comparing the gauge Chern-Simons term (5 . 2) corresponding to the anomaly and the gauge Chern-Simons term in our Lagrangian L 0 + L 1 , we get
whereas the comparison of (5 . 5) and the gravitational Chern-Simons term in L 0 + L 1 revealŝ
Thus we see c IJK entering the Lagrangian is given by
Then the supersymmetry condition for the AdS space is given by (4 . 12) ,
where we referred the scalar vev at the AdS solution by enclosing it by angle brackets. The condition above is equivalent to, using a Lagrange multiplier, The important point is that a(t) = 27π 2 8 c IJK t I t J t K . Thus, we found that the supersymmetry condition for the AdS space is given by the extremization of the same function a(t). which is precisely the statement of the a-maximization procedure. One can also check that the condition tr Q F Q F R SC < 0 is translated to the positivity of the metric of the scalar fields at M I = M I , just as was the case with c I = 0 analyzed in the papers. 17), 18) As a final exercise in this paper, let us calculate the central charge a from the bulk AdS perspective. The method to obtain the central charge a and c in higher derivative gravity theory was pioneered in the paper 20), 21) and extended to the general Lagrangian in paper. 22) In the latter paper, the formula for the central charge a and c for the boundary CFT with the bulk Lagrangian
where the parametrization of the cosmological constant in (5 . 18) is chosen so that the resulting AdS space has curvature radius L. Thus we obtain
which precisely agrees with the result quoted in (5 . 7). §6. Summary and Discussion
In our paper we saw how the superconformal formalism can be used to construct the supersymmetric completion of the mixed gravitational Chern-Simons term, c I W I ∧ tr R ∧ R, in 5d N = 2 gauged supergravity. In addition to the known term c I M I R 2 , we have identified a new contribution in the supersymmetric completion, namely the modification to the gauge kinetic and Chern-Simons terms.
We also analyzed how the BPS equation for the maximally supersymmetric AdS solution is modified by the supersymmetric higher derivative term constructed above. It was shown that it correctly reproduces the a-maximization of the boundary CFT in the presence of mixed U(1)-gravity-gravity anomaly.
As for the outlook, there will be huge opportunity of research using our newly-found R 2 term in supergravity. As discussed in the introduction, such term naturally arises when one compactifies string theory down to five dimensions. Thus it would be interesting to see, for example, how these terms affect the entropy of the five-dimensional black rings and black holes.
Another interesting venue would be to study what the effects of these terms are for many exact supersymmetric solutions to the five-dimensional supergravity which was found recently. They were found by exploiting the BPS equation fully. As we have the full supersymmetry transformation law in the presence of the higher derivative correction, we should be able to extend their analysis to our case. We hope to revisit these problems in the future. 
Linear multiplet L ij boson L ij = L ji = (L ij ) * 3 3 ϕ i fermion SU (2) 
Appendix B Variations and Useful Formulae for the Weyl Multiplet
We summarize the variations and useful formulae for the Weyl multiplet. First of all, we present the Q, S and K variations for χ i and v ab : δχ i = Dε i − 2γ c γ ab ε iD a v bc + γ ·R(U) i j ε j − 2γ a ε i ǫ abcde v bc v de + 4γ ·vη i , δv ab = − i 8ε γ ab χ − 3i 2ε R ab (Q). (B . 1)
The variations of components other than χ, v and the gravitino in the Weyl multiplet do not appear in our computations.
For computing covariant derivatives of some fields , the following formula is useful
where fermionic terms are omitted and [· · · ] cov denote the covariant part of the variations, namely,
Using this, we can verify that the variations of the supercovariant curvatures should not contain any term non-covariant with respect to the superconformal transformations. Finally, we show the explicit form of the supercovariant curvaturesR i (Q) andR ij (U) and its variations:
Ohashi 5), 6) and in another by the European group 7), 8) , for the convenience of the reader (and ourselves). The multiplets are labeled as follows: All groups denote the Chern-Simons coefficients by c IJK . The gauge fields are to be identified: 
